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We consider the effect of disorder on the spectrum of quasiparticles in the point-node and nodal-
line superconductors. Due to the anisotropic dispersion of quasiparticles disorder scattering may
render the Hamiltonian describing these excitations non-Hermitian. Depending on the dimensional-
ity of the system, we show that the nodes in the spectrum are replaced by Fermi arcs or Fermi areas
bounded by exceptional points or exceptional lines, respectively. These features are illustrated by
first considering a model of a proximity-induced superconductor in an anisotropic two-dimensional
(2D) Dirac semimetal, where a Fermi arc in the gap bounded by exceptional points can be realized.
We next show that the interplay between disorder and supercurrents can give rise to a 2D Fermi
surface bounded by exceptional lines in three-dimensional (3D) nodal superconductors.
I. INTRODUCTION
The physics of non-Hermitian systems and of excep-
tional points typically arises in open quantum systems
with energy gain and loss. Their complex spectra can
present exceptional points [1] which occur when the line-
widths of two neighboring resonance frequencies coalesce
under some fine-tuning of the system parameters [2–4].
Such physics has been realized experimentally in vari-
ous open quantum systems where gain and loss can be
introduced in a controllable manner, for example in cir-
cuits of resonators [5, 6], in photonic systems [7–13], or
in cold atomic gas [14]. Signatures of exceptional points
and loops were recently observed in optical waveguides
[15–17].
In contrast, non-Hermiticity can also naturally emerge
in a disordered and/or interacting closed system if we are
interested in single-particle excitations. In the presence
of disorder, a single-particle excitation of a given momen-
tum acquires a finite life time. One can thus associate
a non-Hermitian Hamiltonian in order to describe these
single-particle excitations [18–23].
Because topology has completely reshaped our under-
standing of electronic band structure in solids, there has
been in the past years a growing interest in analyzing
the topological properties of non-Hermitian Hamiltoni-
ans [14, 19, 21, 24–33]. The topologically-nontrivial elec-
tronic bands are often characterized by the presence of
Dirac touching points or line nodes. A natural ques-
tion is how these band structures are modified for non-
Hermitian Hamiltonians. In the simplest non-Hermitian
extension of a 2D Dirac semimetal, the quasiparticle con-
duction and valence bands are connected by a bulk Fermi
arc that ends at two topological exceptional points in-
stead of a touching Dirac point [19]. At these singulari-
ties, the non-Hermitian Hamiltonian becomes defective.
This extends to a 3D point node semimetal where
the two bands, by adding a non-Hermitian term to the
Hamiltonian, can stick on a surface bounded by a one-
dimensional (1D) loop of exceptional points [14, 20, 34].
In 3D nodal-line semimetals, the nodal lines can be split
into two exceptional lines, connected by a Fermi rib-
bon [20, 23, 35–40]. In these cases, the real part of
the spectrum with momenta lying within the 1D arc
(the 2D area) bounded by the exceptional points (or
loops) is zero. More generally, it has been shown that
D-dimensional non-Hermitian systems can support up
to (D − 1)-dimensional exceptional surfaces thanks to
parity-time or parity-particle-hole symmetries [38, 39].
Recently, the interplay of topology and non-
Hermiticity was extended on one-dimensional supercon-
ductors with a particular emphasis on the difference be-
tween Andreev and Majorana bound sates [41–45]. Here,
we focus on the band dispersion of the quasiparticles
excitations in 2D and 3D nodal superconductors in the
presence of weak disorder. As for the semimetallic case,
we find that the complex self-energy correction to the
Green function of quasiparticles due to disorder gives rise
to non-Hermitian Bogoliubov-de Gennes (BdG) Hamil-
tonians describing quasiparticle bands with exceptional
points and lines.
To be more specific, we first consider the proximity in-
duced superconductivity in a 2D Dirac semimetal with a
tilted Dirac cone. We find a phase transition as a func-
tion of the Dirac cone anisotropy, between the gapped
state and the state where the superconducting gap closes
in momentum space at the Fermi arc bounded by two
exceptional points. We then analyze the effect of weak
disorder on 3D nodal-ring and point-node superconduc-
tors in the presence of the supercurrent flow. We find
that the nodal structure in the spectrum of quasiparti-
cles extends into the flat-band regions bounded by the
exceptional lines.
Our paper is structured as follows. Section II contains
a short reminder of disorder averaging within the Born
approximation. In Sec. III, we consider the effects of
disorder on 2D Dirac semimetals in proximity of a super-
conductor. In Sec IV, we deal with the effects of disorder
scattering in 3D nodal superconductors. Finally, in Sec.
V we summarize and discuss our results.
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2II. DISORDER SCATTERING
Let us first recall the effect of the electron elastic scat-
tering on the random scalar potential disorder on the
spectrum of nodal superconductors. One of the promi-
nent effects of the disorder on the unusual superconduc-
tivity is to smear the nodes in the superconducting gap in
momentum space, which can be described by the imag-
inary part of the self-energy correction to the disorder
averaged Green function, Refs. [46, 47]. We consider
the short-range impurity scattering potential of the form
V (r) = u0Σaδ(r− ra), where the sum is over the all im-
purities coordinates ra. The energy and the decay-time
of the quasiparticles are defined by the real and imag-
inary parts of the poles of the disorder-averaged Green
function in the superconducting state, respectively.
To find these poles, we will be utilizing the self-
consistent equation for the quasiparticle’s retarded self-
energy Σ(E) (a 4×4 matrix written in Nambu representa-
tion to include spin and particle-hole degrees of freedom),
which within Born approximation is given by
Σ(E) = γ
∫
ddk
(2pi)d
τz[E −H(k)− Σ(E)]−1τz, (1)
where γ = u20n0 defines the strength of the scattering po-
tential, in which n0 is the impurity concentration, H(k)
is the BCS Hamiltonian of the system in the Nambu rep-
resentation (the explicit expressions for the Hamiltonian
of 2D Dirac semimetals in proximity of a superconductor
and of 3D nodal superconductors will be specified further
in the text), τx,y,z are the Pauli matrices in the Nambu
space, and d = 2, 3 is the dimensionality of the sample.
In this case of the impurity potential the self-energy
is momentum independent. A different potential shape
would only render the integration over momentum in Eq.
1 more complicated, but not change the following results
of the paper qualitatively. We also neglect the interfer-
ence of waves scattered on different impurities.
The poles of the disorder averaged Green function can
be found from the equation
det[E −H(k)− Σ(E)] = 0. (2)
Generally, the self-energy might render H(k) − Σ(E)
to be a non-Hermitian matrix with complex eigenval-
ues and eventually exceptional points in the frequency-
momentum space. This implies that the solutions of Eq.
(2), which correspond to quasiparticle excitations of mo-
mentum k, acquire now a finite energy width. In the dis-
ordered case, the nodal touching points in the spectrum
of quasiparticles may transform into exceptional points,
at which the non-Hermitian matrix is defective and hence
the spectrum has a singularity. Let us now discuss the
conditions needed for the realization of exceptional points
in the spectrum of nodal superconductors for several rep-
resentative cases.
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FIG. 1. The lines of zeros in the spectrum of quasiparticles
of 2D Dirac semimetal with tilted Dirac cone and proximity-
induced superconductivity. The plots show the zero solutions
for the spectrum of quasiparticles, given explicitly by Eq. (4)
in the text. Panels (a) and (b) show the solutions at two tilt
parameters κ = 0.4 and κ = 1.5, respectively, for a fixed ∆
and the chemical potential µ = 4∆. The nodal-lines exist
at small tilt parameter ∆/µ < |κ| < 1. Panels (c) and (d)
show the nodal lines in the spectrum at µ = 0.5∆ and µ = 0,
respectively, at fixed ∆ and κ = 1.5.
III. INTERPLAY BETWEEN DISORDER AND
PROXIMITY-INDUCED SUPERCONDUCTIVITY
IN A 2D DIRAC SEMIMETAL
We start with a model of a s-wave superconductor
placed in contact with a 2D Dirac semimetal with lin-
ear dispersion around the band-touching points [48, 49].
The proximity effect can lead to a gap in the density
of states. The linearized Hamiltonian around the single
Dirac point (we will neglect disorder scattering between
the Dirac valleys) in the presence of the proximity in-
duced superconducting gap is given by
H(k) = κvkx + [v(σxky − σykx)− µ]τz + ∆τx, (3)
where σx,y are the Pauli matrices acting in the spin space,
µ is the chemical potential, κ is a dimensionless parame-
ter related to the inclination of the Dirac cone (κ = 0
means no tilt), v is the Fermi velocity in absence of
tilt, and ∆ is the proximity induced superconducting gap
which is considered to be a positive real constant here.
We set ~ = 1 throughout our calculations.
The spectrum of quasiparticles is given by
E±,s(k) = κvkx ±
√
(vk − sµ)2 + ∆2, (4)
where s = ±. The solution of E±,s(k) = 0 as a function
of model parameters is shown in Fig. 1. At µ = 0, the
3spectrum is gapped provided |κ| < 1 and hosts nodal
lines in the opposite case, |κ| > 1 [50]. The nodal lines
are determined by the equation
(κ2 − 1)v2k2x = v2k2y + ∆2. (5)
It is worth noting that the linearized Hamiltonian, for
which the nodal lines are hyperbolas, is applicable only
for momenta below some tilt dependent cutoff k0 
∆/v
√
κ2 − 1 determining the width of the electron and
hole pockets. When the chemical potential is placed
in the conduction band (here, it is enough to consider
s = 1), the transition between the gapped and nodal
lines state takes place at much smaller values of the tilt
parameter |κ| = ∆µ  1; see Fig. 1(a). We will focus
below on the case of low doping µ → 0, shown in Fig.
1(d), where the exceptional nodal lines can be realized.
A. Normal case ∆ = 0
Before dealing with the superconducting case, let
us first recall results about the normal case ∆ = 0
[19, 21, 51]. At κ = 0, the Dirac point is smeared due to
weak scalar disorder [52]. To proceed, we consider two
limiting cases of weak |κ| < 1 and strong |κ| > 1 incli-
nations of the Dirac cone. We search for the self-energy
correction to the disorder averaged Green function of the
quasiparticles in the presence of the proximity induced
superconducting gap by substituting the expression for
the Hamiltonian Eq. (3) into the Eq. (1).
We recover, as it was shown in Refs. [21, 51], that in
the presence of a finite but small tilt such that |κ| < 1, the
self-energy in the normal case at zero frequency acquires
a nontrivial matrix structure Σ(0) = −i (1 + κσyτz) Γ1
(note that the self-energy in particle-hole space is de-
scribed by a τz matrix), where
Γ1 = 2Λ
√
1− κ2
1 + κ2
exp
[
−2piv
2
γ
(1− κ2)3/2
1 + κ2
]
. (6)
Here, Λ is the energy cut-off corresponding to the sep-
aration between the Dirac point and the closest bulk
band (see Appendix A 1 for more details). The quasi-
particles spectrum is found by solving Eq. (2) which
now becomes complex valued, E±(k) = κvkx − iΓ1 ±√
v2k2y + (vkx + iκΓ1)
2. Hence, the dispersion of quasi-
particles contains a line segment ky ∈ [−|κ|Γ1, |κ|Γ1] at
kx = 0 bounded by two exceptional points. Such a seg-
ment in the quasiparticles spectrum is characterized by
a vanishing real part, the so-called bulk Fermi arc [19].
This means that the decay rate of a quasiparticle has a
strong spatial anisotropy.
In the limit of strong tilt |κ| > 1, introducing a cutoff
∝ k0 for the width of the electron-hole pockets in mo-
mentum space, we obtain in the limit |κ|k0  |E|,
Σ(E) = −iΓ2
(
1 +
σy
κ
τz
)
+O(E/|κ|k0), (7)
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FIG. 2. Panel (a) shows the gapped real part of the spectrum
E(k) given by Eq. (10) at kx = 0 as a function of momentum
ky at Γ2/|κ| < ∆. Panel (b) shows the spectrum at the phase
transition point Γ2/|κ| = ∆, at which the superconducting
gap closes and then transforms into two exceptional points.
Panels (c) and (d) show respectively the real and imaginary
parts of the spectrum at Γ2/|κ| > ∆.
where Γ2 =
γ
2piv
|κ|k0√
κ2−1 the scattering rate, in which the
density of states is determined by k0(κ). Importantly, the
self-energy contains a frequency independent imaginary
contribution, which also results in an unusual bulk Fermi
arc in the spectrum of quasiparticles [19].
It is worth noting that the linearized model introduced
in Eq. (3) can not be applied in the limit |κ| → 1 due
to unavoidable higher-order corrections in momentum,
which are not taken into account here.
B. Superconducting case
We now consider the superconducting case where the
superconducting gap is induced by proximity and analyze
how the spectrum of 2D quasiparticles might be affected
by disorder scattering.
Weak tilt. – In the superconducting case the spectrum
is gapped at κ = 0. At a weak tilt 0 < |κ| < 1, in the limit
Γ1  ∆ where the first-order Born approximation should
apply, we obtain (details are presented in Appendix A 2)
Σ(E) = − γ
2piv2
√
1− κ2 ln
2Λ√
∆2 − E21−κ2
×
[
E
1− κ2 (1 + κσyτz)−∆τx
]
. (8)
We can notice in this expression that the increase of dis-
order γ decreases the proximity induced superconducting
gap and increases the anisotropy of the dispersion.
In the strong disorder limit, Γ1  ∆/|κ|3, we can
self-consistently obtain the Fermi arc in the spectrum
bounded by the exceptional points due to the imaginary
4part of the self-energy
Σ(0) =
1− κ2
2κ2
∆τx − i (1 + κσyτz) Γ1, (9)
which renders the disorder averaged Green function of
quasiparticles non-Hermitian (the derivation of this re-
sult is detailed in Appendix A 2). This means, in partic-
ular, that disorder drives the system through a Lifshitz
transition between a gapped state and a state where the
superconducting gap closes at the bulk Fermi arc.
Strong tilt. – Such a phase transition can also take
place in the strong tilt case, as we show below. Indeed,
in the limit |κ| > 1 and considering that |κ|k0  |E| and
|κ|k0  ∆, one recovers Eq. (7),
Σ(E) = −iΓ2
(
1 +
σy
κ
τz
)
+O(E/|κ|k0; ∆/|κ|k0).
The self-energy contains a frequency independent imag-
inary contribution that results in an unusual complex
quasiparticles spectrum:
E±(k) = κvkx − iΓ2 ±
√
∆2 + v2k2y +
(
vkx + i
Γ2
κ
)2
.(10)
We find that at Γ2 < |κ|∆ the spectrum of the quasi-
particles is gapped [see Fig. 2(a)], while in the op-
posite limit Γ2 > |κ|∆ the spectrum acquires a bulk
Fermi arc bounded by two exceptional points at k± =
(0,±v−1
√
Γ22/κ
2 −∆2) as represented in Fig. 2. This
constitutes an example of a disorder-induced topologi-
cal transition in the quasiparticles spectrum in a super-
conducting Dirac Hamiltonian. The real and imaginary
parts of the spectrum have square root singularity at the
exceptional points. This result is analogous to the spec-
tral properties at the Fermi arc in 2D Dirac semimetals
[19].
Surface Andreev modes. – It is also instructive to ex-
amine Andreev modes localized at the line interface be-
tween two regions of 2D Dirac semimetal, which are prox-
imitized to two uniform superconductors with phase dif-
ference φ, as schematically shown in Fig. 3. Let us focus
on the limit of strong tilt |κ| > 1 where the phase tran-
sition between the gapped and the Fermi arc states can
be obtained from Eq. (10). Following Refs. [48], we
adopt a step function model, assuming the width of the
Josephson junction to be much smaller than v(|κ|−1)/∆;
namely we set Ly → 0.
Consider the interface along the line y = 0, at which
the proximity induced superconducting gap is given by
∆(y) = ∆e−iφ/2 for y > 0 and ∆(y) = ∆eiφ/2 for
y < 0, where gap ∆ is the same in both proximitized
regions. Note that two bulk superconductors are cou-
pled through the 2D Dirac semimetal and there is no
direct coupling between them. At φ 6= 0 there are two
chiral modes, which propagate with the momentum q
along x in the same direction, with the wave-function
Ψ(q, y) ∝ exp
(
iqx− |y sin φ2 |∆/v
)
localized at the inter-
face [48]. The spectrum of these bound modes is similar
2D Dirac semimetal
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FIG. 3. Top: Scheme of the Josephson junction through
2D states of the Dirac semimetal. We assume the condition
Ly  v|(|κ|−1)|∆  Lx is met. Bottom: Spectrum for the
two-dimensional Dirac semimetal with proximity induced su-
perconducting gap from a numerical diagonalization of the
discretized ”non-Hermitian” Hamiltonian, H+Σ = κ sin kx+
[σx sin ky−σy(sin kx+iγ)]τz+(2−cos kx−cos ky)σz−iΓ+∆τx
as a function of kx for a sample of finite width in the y-
direction (here the energy is measured in the units of nearest-
neighbor hopping energy, and the distance in units of the lat-
tice constant). (a,b,c) Two one-way propagating chiral modes
and the bulk modes, where (a) describes weak tilt, while (b)
and (c) describe strong tilt cases. The increase of the scat-
tering strength merges surface modes with the bulk. (d) The
imaginary part of the dispersion. The top and bottom flat re-
gions correspond to imaginary part of the two surface state’s
dispersion, which directly connect with the bulk modes. Pa-
rameters are chosen as follows: ∆ = 0.3, (a) κ = 0.9, Γ = 0.2,
and γ = 0.18; (b) κ = 1.2, Γ = 0.12, and γ = 0.1; (c), (d)
κ = 1.2, Γ = 4.8, and γ = 0.4.
to the spectrum of bulk modes given by Eq. (10), namely
E±(q) = κvq− iΓ2±
√
∆2 cos2
φ
2
+
(
vq + i
Γ2
κ
)2
. (11)
In the special case, at φ = pi, the two chiral modes are
gapless and propagate in the same direction with disper-
sions E±(q) = (κ± 1)vq− iΓ2(1∓ 1/κ). The edge states
have a momentum independent imaginary part. Due to
the strong tilt, the edge states coexist with the pockets
of bulk states, but can however be separated in energy
at |κ| < 1. The evolution of the spectrum as a function
of the tilt is shown in Fig. 3. We note that there are no
localized modes at the interface x = 0 between two su-
5perconductors for |κ| > 1. This result is consistent with
Refs. [20, 53].
Experimental signatures. – Besides the specific depen-
dence of the Andreev modes predicted for the 2D Joseph-
son junction depicted in Fig. 3, let us address the ques-
tion of how the proposed phase transition at which ex-
ceptional points emerge can be directly probed exper-
imentally. Angle-resolved photoemission spectroscopy
seems the most natural technique to probe the spec-
tral function at the surface of a compound. In a sys-
tem with a given disorder realization, for a light beam of
a width typically larger than characteristic length scale
of the material (here the mean free path), the mea-
sured spectral function will be disorder averaged because
different parts of the surface are probed. Therefore,
the spectral function probed experimentally, A(k, E) =
− 1pi ImTr[E−H(k)−Σ(E)]−1 is defined as the disorder av-
eraged retarded Green function of quasiparticles. We plot
the spectral function at zero frequency in Figs. 4(a) and
4(b), where one directly observes the transition to a state
hosting bulk Fermi arc as the proximity induced gap is
varied. It is also instructive to comment on the frequency
dependence of A(k, E) in the limit of zero wave-vector
which is related to the average density of states which
can be probed by scanning tunneling microscopy (STM).
As shown in Figs. 4(c) and 4(d) the spectral function has
a single peak in the case of the state with the bulk Fermi
arc. At strong proximity effect, ∆  Γ2, the height of
two peaks located at E± = ±[∆2−Γ22(1+κ−2)]1/2 is given
by A(0, E±) = 2/piΓ2. In the limit of weak proximity ef-
fect, ∆ Γ2, the height of the peak at zero frequency is
instead given by A(0, 0) = 4Γ2pi [∆
2 + Γ22(1− κ−2)]−1.
IV. 3D NODAL SUPERCONDUCTORS UNDER
WEAK DISORDER
Let us now consider several representative realizations
of 3D topological superconductors with nodal lines or
nodal points in their quasiparticles spectrum. Notice
that our discussion equally applies to the superfluid 3He
[54, 55].
A. Nodal-line superconductors
The BCS Hamiltonian of a characteristic nodal line
superconductor (our results can be mapped to a polar
phase of superfluid 3He) in the presence of the supercur-
rent flow with velocity vs is given by [54]
H(k) =
k2 − k2F
2m
τz + vs · k+ ∆nzτx (12)
where n = k/k is the unit vector in the direction of mo-
mentum, kF is the Fermi momentum, m is the effective
mass, and ∆(vs) is the gap in the spectrum (the gap is
suppressed with the increase of supercurrent). The spec-
trum of quasiparticles at |vs| = 0 has a nodal ring defined
0.2
0.4
0.6
0.8
1.0
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2.0
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FIG. 4. Top: momentum resolved spectral function A(k, 0)
at zero energy for the cases of (a) strong proximity effect, in
which ∆/Γ2
√
1 + κ−2 ≈ 4 > 1, and (b) weak proximity effect
(∆/Γ2
√
1 + κ−2 ≈ 0.4 < 1) for fixed |κ| = 1.3. The thick
light green lines indicate a large spectral weight. One sees the
emergence of the bulk Fermi arc as the value of the proximity
induced gap ∆ decreases. Bottom: spectral function A(0, E)
at zero momentum for the cases of strong (c) and weak (d)
proximity effect, which can be distinguished by the number
of peaks in the spectral function.
by the equation k2x + k
2
y = k
2
F in the plane kz = 0. We
first consider a case of the supercurrent flowing along the
z-axis. In this situation the Fermi surface appears above
the Lifshitz transition occurring at |vs|kF = ∆.
The self-energy due to scattering on the scalar disorder
can be found self-consistently. Consider first the situa-
tion where the tilt is along the z-axis, namely we set for
concreteness vs = vs(0, 0, 1). The retarded self-energy
taken at zero frequency within the first order in powers
of |vs|kF /∆ < 1 is given by
Σ(0) = −iΓ
[
1 +
vskF
∆
τx
]
, (13)
where Γ = ∆csch(2τ∆) and 1/2τ = piνγ is the scattering
rate (details of this result are shown in Appendix B). The
first term in Eq. (13) is well known [46, 47] and implies
that an infinitesimally weak scattering smears the nodal
ring in three dimensions.
We show that this smearing becomes anisotropic due
to the tilt, which gives rise to the off-diagonal terms in
the self-energy matrix in Eq. (13), with the sign being
defined by vs, i.e., by the direction of the supercurrent.
Indeed, taking into account the self-energy in Eq. (13),
we can write the spectrum of quasiparticles in the plane
kz = 0 in the following form:
E±(k) = −iΓ±
√(
k2x + k
2
y − k2F
2m
)2
−
(
vskF
∆
Γ
)2
.(14)
The nodal ring in the disordered superconductor ex-
tends into a ring of finite width (called a Fermi rib-
6ky
Re E(k) (a)
ky
Im E(k)
(b)
FIG. 5. Panels (a) and (b) show respectively the real and
imaginary parts of the spectrum E(k), given by Eq. (14), as
a function of momentum ky at kx = kz = 0 for the disordered
nodal-ring superconductor (or polar phase of the superfluid
3He) with the supercurrent applied along the z-axis. The
interplay of the supercurrent and disorder splits the nodal-
ring into a region where the real part of the spectrum is zero,
bounded with the outer and inner exceptional circumferences.
The spectrum has a square root singularity at the exceptional
rings.
bon) with the inner and outer radiuses defined by k± =
kF
√
1± vskF∆ Γµ , where the matrix of the disorder aver-
aged Green function is defective. This result is analo-
gous to the theoretically predicted exceptional rings in
the nodal-line semimetals [20, 23, 35–39]. The spectral
properties of the Fermi ribbon is similar to that of the
Fermi arc discussed in the previous section. The disper-
sion is shown in Fig. 5. The nodal-loop superconductor
has so-called ”drum-head” states localized at any sur-
faces not laying parallel to the z-axis, [56]. Due to the
smearing of the nodal-line the spectral region of these
edge states vanishes.
Let us also contrast these results with the situation
in which the supercurrent is applied within the kz = 0
plane. The supercurrent tilts the nodal ring and gives
rise to Fermi surface pockets connected by two pseudo-
Weyl points, which are located at ±kFvs × zˆ/|vs|, [57].
Here the density of states is finite even at infinitesimally
small |vs| and is given by ν|vs|kF /∆, in which ν =
mkF /2pi
2 is the density of states at the Fermi level for
one spin projection in the normal state of the system. At
|vs|kF /∆ τΓ, the self-energy at zero frequency is linear
Σ = −i|vs|kF /2τ∆ in vs, while in the limit |vs|kF /∆→ 0
it reaches the value Σ = −iΓ[1 + O(|vs|2k2F /∆2)]. We
did not find any exceptional points in this case because
vs · nz = 0.
B. Point-node superconductors
Let us finally comment on the effect of the interplay
between the supercurrent and disorder scattering in a 3D
Weyl superconductor with nodal points in their quasipar-
ticles spectrum. The BCS Hamiltonian describing a Weyl
superconductor (or equivalently the A-phase of 3He) is
given by
H(k) =
k2 − k2F
2m
τz + vs · k+ ∆(nyτx − nxτy). (15)
At |vs| = 0, the spectrum of quasiparticles has two Weyl
nodes at k = (0, 0,±kF ). The surface of the super-
conductor might host Andreev-Majorana localized chiral
modes. The dispersion of surface modes has the form of
the Fermi arc, which connects the projections of the bulk
Weyl points to the surface; for a review see Ref. [55].
Consider qualitatively the situation where the super-
current flows parallel to the x-axis, vs = vs(1, 0, 0). At
|vs|kF < ∆, similarly to 3D Dirac-Weyl semimetals, weak
disorder satisfying τ∆ < pi/4 does not lead to a finite
imaginary part of the self energy at zero frequency and
hence does not form any exceptional lines.
V. DISCUSSION AND CONCLUSIONS
In this paper we have studied the effect of weak scalar
disorder on the band structure of nodal superconductors.
We have argued that the nodes in the anisotropic super-
conducting gap in the presence of weak disorder may be
replaced by Fermi arcs or 2D Fermi areas bounded by
exceptional points or exceptional lines, respectively. At
these exceptional points or lines the quasiparticles Green
function becomes defective. Here we have analyzed the
smearing of the nodes in the superconducting gap in the
presence of scalar disorder within the self-consistent Born
approximation. Going beyond this approximation and
taking into account a more general form for the disorder
[58] shall be addressed in the future.
We believe that the proposed non-Hermitian supercon-
ducting phase might be probed in several materials, such
as the quasi-2D organic conductor α−(BEDT− TTF)2I3
salt [50, 59] and (001) surface states of the crystalline in-
sulator SnTe [60], which host 2D massless Dirac fermions
with anisotropic dispersion. The proximity induced su-
perconducting gap in these structures might be estab-
lished experimentally. Nodal phases with the zeros in the
energy spectrum are known to exist in superfluid 3He-A
(for a review see [55]). Signatures of nontrivial topologi-
cal nodal superconductivity were observed in CuxBi2Se3,
in non-centrosymmetric heavy fermion systems, and in
cuprate-based superconductors [61].
Finally, it would be interesting to extend our work on
the interplay between proximity induced superconduc-
tivity and disorder in systems with triple Dirac points
[62]. Therein, higher-order non-Hermitian degeneracies
with cubic-root singularities at the nontrivial exceptional
curves are expected [63].
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7Appendix A: Calculation of the self-energy in two
dimensions.
1. Normal case ∆ = 0
Let us calculate the disorder induced self-energy cor-
rection for the case of a two-dimensional semimetal. The
Hamiltonian describing such a system reads
H(k) = κvkx + v(kyσx − kxσy). (A1)
The self-consistent equation for the retarded self-energy
within the first Born approximation is given by
Σ(E) = γ
∫
d2k
(2pi)2
[E −H(k)− Σ(E)]−1. (A2)
We search for the solution of this equation in the form
Σ = t+ dσy + σx, (A3)
where t = t1 − it2, d = d1 − id2, and  are complex
functions of the energy E such that t1,2 and d1,2 are real
and satisfy t2 > |d2| ≥ 0 because we are dealing with a
retarded self-energy. Since the tilt is along the kx direc-
tion, the σx contribution in the self-energy vanishes to
guarantee its momentum independence. This point can
also be checked explicitly. Hence
Σ = γ
∫
d2k
(2pi)2
E − t− κvkx + σx(vky + )− σy(vkx − d)
(t− E + κvkx)2 − (vky + )2 − (vkx − d)2 .
(A4)
From hereon we consider E = 0 to make progress with
the algebra. The poles in A4 can be found from the
equation(
vkx − d+ κt
1− κ2
)2
= − (vky + )
2
1− κ2 +
(
t+ κd
1− κ2
)2
. (A5)
When |κ| < 1, we note that provided
|d2 + κt2| <
∣∣∣∣Re√(vky + )2(1− κ2)− (t+ κd)2∣∣∣∣ (A6)
the integration over momentum kx yields
Σ =
γ
1− κ2
[
t− dσy + (κ+ σy)d+ κt
1− κ2 − σx(w + )
]
×
∫ Λ
−Λ
dw
4piv2
[
(w + )2
1− κ2 −
(
t+ κd
1− κ2
)2]−1/2
, (A7)
where Λ is the energy cut-off and w ≡ vky. It can be
now seen that the σx term is small ∝ O(/Λ) and will be
neglected in what follows.
The integration over w in Eq. (A22) after some sim-
plifications results in two equations for t and d:
t =
γ
2piv2
t+ κd
(1− κ2)3/2 ln
2Λ
√
1− κ2
i(t+ κd)
,
d =
γκ
2piv2
t+ κd
(1− κ2)3/2 ln
2Λ
√
1− κ2
i(t+ κd)
. (A8)
Noting that d = κt, we obtain for t 6= 0
1 =
γ
2piv2
1 + κ2
(1− κ2)3/2 ln
2Λ
√
1− κ2
it(1 + κ2)
,
which gives Σ = −i(1 + κσy)Γ1, where
Γ1 = 2Λ
√
1− κ2
1 + κ2
exp
[
− 2piv
2
γ
(1− κ2)3/2
1 + κ2
]
. (A9)
This is the expression given in Eq. (6) of the main text.
When |κ| > 1 it is enough to consider the self-energy
within the first Born approximation similarly as it was
shown for the nodal-line semimetal in [20]. Integrating
first over ky,
Σ = −i γ
8pi
∑
s=±
∫ k0
−k0
dkx
∫
dky
[
1 + s
kx
k
σy
]
× δ(κvkx − svk) = − iγ
2piv
(
1 +
σy
κ
) |κ|k0√
κ2 − 1 , (A10)
where k0(κ) is the momentum cutoff on the kx-axis de-
scribing the width of the electron and hole pockets, which
might depend on the tilt parameter κ. This is the expres-
sion given in Eq. (7) of the main text.
2. Superconducting case
The BdG Hamiltonian describing the low-energy states
in the system in the presence of the proximity-induced
superconducting gap reads
H(k) = κvkx + v(kyσx − kxσy)τz + ∆τx, (A11)
where ∆ can be considered to be real and positive with-
out loss of generality. In order to obtain an analytical
solution for Σ, we again proceed by considering two lim-
iting cases of weak and strong tilts, |κ| < 1 and |κ| > 1.
When |κ| < 1 and ∆  Γ1, we can use the first-order
Born approximation. For convenience we transform to
Matsubara frequencies E + i0+ → iωn. The self-energy
Σ→ Σωn then reads
Σωn = γ
∫
d2k
(2pi)2
iωn − κvkx + v(kyσx − kxσy)τz −∆τx
(iωn − κvkx)2 − v2k2 −∆2
=
iγ
2(1− κ2)
∫
d2k
(2pi)2
1√
λ
∑
s=±
s
iωn −∆τx − vkx(κ+ σyτz)
vkx + iωn
κ
1−κ2 − is
√
λ
,
(A12)
where
λ =
k2y + ∆
2
1− κ2 +
ω2n
(1− κ2)2 . (A13)
Provided Re
√
λ > |ωnκ|1−κ2 (in the opposite case the integral
is zero) after the integration over kx one obtains
Σωn = −
γ
2piv2
∫ Λ
0
dw
iωn −∆τx + (κ+ τzσy) iωnκ1−κ2√
(w2 + ∆2)(1− κ2) + ω2n
,(A14)
8where Λ is the energy cutoff. The integration over w
gives
Σωn = −
γ
2piv2
√
1− κ2 ln
2Λ√
∆2 +
ω2n
1−κ2
×
[
iωn
1− κ2 (1 + κσyτz)−∆τx
]
. (A15)
Notice that there is no contribution proportional to σx.
After the transformation iωn → E + i0+ and Σωn → Σ,
one obtains the expression in Eq. (8) of the main text.
When |κ| < 1 and |κ|Γ1  ∆, following the same
reasoning as in Appendix A 1, we now search for the self-
energy in the form
Σ = t+ dσyτz + Sτx, (A16)
where S = S1− iS2. The integrand in the self-consistent
equation for the self-energy now reads
Σ = γ
∫
d2k
(2pi)2
[E − t− κvkx − (vkx − d)σyτz − (∆ + S)τx]
× [(t− E + κvkx)2 − v2k2y − (vkx − d)2 − (∆ + S)2]−1
(A17)
and can be linearized in powers of ∆. Performing the
same derivations as were done in Appendix A 1, we obtain
an additional equation in addition to Eq. (A8) in order
to determine S at E = 0:
S =
γ(∆ + S)
2piv2
√
1− κ2 ln
2Λ
√
1− κ2
i(t+ κd)
. (A18)
Together with Eq. (A8), this gives
S = (∆ + S)
1− κ2
1 + κ2
. (A19)
Therefore, S = ∆(1− κ2)/2κ2 and
Σ =
1− κ2
2κ2
∆τx − i(1 + κσyτz)Γ1. (A20)
In the limit of a strong tilt, when |κ| > 1, we have
a finite density of states at the Dirac point and we can
use the first-order Born approximation to calculate the
self-energy,
Σ(E) = γ
∫
d2k
(2pi)2
E + iδ − (κ+ σyτz)vkx −∆τx
(E + iδ − κvkx)2 − v2k2 −∆2 , (A21)
where the integral over kx is taken in the region kx ∈
[−k0, k0] to qualitatively account for the width of the
electron-hole pockets at |κ| > 1. It is instructive to
rewrite Eq. (A21) as
Σ(E) = γ
∫
d2k
(2pi)2
E + iδ − (κ+ σyτz)vkx −∆τx
M − v2k2y + (E − κvkx)iδ
, (A22)
where
M = v2(κ2 − 1)[(kx − p)2 − q], (A23)
in which p = κE/(κ2 − 1)v and q = ( E2κ2−1 + ∆2)/(κ2 −
1)v2, and note that
sign[E − κvkx] = −sign
[
kx − p+ E/(κv)
κ2 − 1
]
. (A24)
We can integrate in Eq. (A22) over ky separately in two
regions, M < 0 and M > 0, taking into account that
sign(E − κvkx) does not depend on ky. For M > 0 the
integration over ky gives:
Σ(E) = −iγ
∫ k0
−k0
dkx
4piv
[E −∆τx − (κ+ σyτz)vkx]
× sign(E − κvkx)√
M
= − iγ
2piv
|κ|k0√
κ2 − 1
(
1 +
σy
κ
τz
)
.
(A25)
This term is purely imaginary since we neglect small cor-
rections ∝ p/k0  1. At M < 0 we obtain
Σ(E) = −γ
∫ √q
−√q
dkx
4piv2
E −∆τx − (κ+ σyτz)v(kx + p)√
κ2 − 1√q − k2x
=
−γ
4v2
√
κ2 − 1
[
E −∆τx − (κ+ σyτz) κE
(κ2 − 1)
]
.
(A26)
We arrive at the expression for the self-energy,
Σ(E) = − γ
4v2
√
κ2 − 1
[
E
1− κ2 (1 + κσyτz)−∆τx
]
− iγ
2piv
(
1 +
σy
κ
τz
) |κ|k0√
κ2 − 1 . (A27)
Finally, we note that |κ|k0  ∆, |E|/(κ2 − 1) and write
Σ(E) = − iγ
2piv
(
1 +
σy
κ
τz
) |κ|k0√
κ2 − 1 ,
which is given in Eq. (10) of the main text.
Appendix B: Calculation of the self-energy in three
dimensions.
Let us consider a nodal-line superconductor in the
presence of a supercurrent flow with velocity vs =
vs(0, 0, 1) parallel to the z-axis. The BdG Hamiltonian
is given by
H = vskz + ξτz + ∆nzτx, (B1)
where ξ = k2/2m−µ and nz = kz/k is the unit vector in
the direction of kz. We focus on the limit |vs|kF  ∆.
The nodal-ring is defined by ξ = 0, kz = 0. The equation
for the self-energy is given by
Σ = −γ
∫
d3k
(2pi)3
vskz + t− ξτz + (∆nz + S)τx
(vskz + t)2 − ξ2 − (∆nz + S)2 . (B2)
9We neglect the contributions to Σ with τz matrix, assum-
ing µ ReTr(τzΣ). Integration over ξ,
∫
d3k
(2pi)3
F (k)→ ν
∫ ∞
−∞
dξ
∫ pi
0
sin θ
dθ
2
F (ξ, θ), (B3)
where ν = mpF /2pi
2 is the density of states in the
normal-metal state, we obtain
Σ =
i
2τ
∫ 1
−1
dz
2
vskF z + t+ (∆z + S)τx√
(vskF z + t)2 − (∆z + S)2
, (B4)
where τ = 1/2piνγ is the mean free time. Using the
condition |vs|kF  ∆, we obtain two equations for t and
S:
i2τ∆ = arcsin
∆
t
S = − i
2τ∆
[
t
vskF
∆
arcsin
∆
t
+
tvskF −∆S√
t2 −∆2
]
, (B5)
which together give
t =
−i∆
sh(2τ∆)
, S = t
vskF
∆
. (B6)
Hence one recovers the expression in Eq. (13) of the main
text
Σ =
−i∆
sh(2τ∆)
(
1 + τx
vskF
∆
)
. (B7)
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